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ABSTRACT. We give three proofs that the reciprocal of Thara’s zeta function can
be expressed as a simple polynomial times a determinant involving the adjacency
matrix of the graph. The first proof, for regular graphs, is based on representing
radial symmetric eigenfunctions on regular trees in terms of certain polynomials.
The second proof, also for regular graphs, is a consequence of the fact that the
resolvent of the adjacency operator on regular trees is exponential. A third proof,in
many ways simpler than the rest, works for irregular graphs as well.

INTRODUCTION

We present three proofs of a well known theorem. Thara’s theorem for graphs
expresses Thara’s zeta function (an analogue, for finite graphs, of both Riemann’s
and Selberg’s zeta function) as the reciprocal of a polynomial involving the graph’s
adjacency matrix. The regular case was first proven by Thara in 1966 [3]. Our
first proof of the regular case (theorem 5) utilizes what are probably standard
techniques involving spherical functions on trees. Our second proof, otherwise quite
similar to one by Sunada [5], uses a result of the author that the resolvent for the
adjacency operator on regular trees is “purely exponential” (see [4] or appendix).
Generalizations of Thara’s theorem to possibly irregular graphs have appeared in
papers by Bass [1], Hashimoto [2], Venkov and Nitikin [7], and Stark and Terras
[6]. We give an elementary and short proof of this general theorem (theorem 8).
Our proof is similar to that in [6] but is even more concise. We also give a short
proof that if G and H are finite and H “covers” G, then the zeta function of H
divides that of G (an analogue of [6, corollary 3]).

PRELIMINARIES

Let G be a connected simple graph which is not a tree. We also let G denote
the vertex set of the graph. We write xpy if x and y are adjacent; that is x and y
share an edge. The condition that the graph be simple is that two vertices share
at most one edge. A path is a sequence of vertices such that consecutive vertices
share an edge (we do not require that all vertices are distinct). A path is said to
be non-backtracking if a subsequence of the form ..., z,y, x, ... does not appear. The
length of the path is one less than the number of vertices in the path sequence. For
vertices x and y, we define the distance between x and y, denoted d(z,y), to be the
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length of the shortest path containing x and y. Thus d is a metric. We also use d
to denote vertex degree; i.e. d(x) is the number of vertices adjacent to x. A graph
is regular if d(x) is constant. In particular, a graph is d-regular if d(z) = d. The
adjacency matriz A of G is defined by A(z,y) = 1 or 0 according to whether  and
y are adjacent or not.

Given two graphs G and H, a covering is a surjection of H onto G which preserves
adjacency and vertex degree. In this case, we say that H covers G. The covering
relation is a partial order and a maximal element of the connected poset containing
G is necessarily a tree T which is unique up to isomorphism. Equivalently, we may
define T to be the set of all non-backtracking paths starting at a particular vertex
where we say that two such paths are adjacent if the addition of a vertex on the
end of one gives the other. Let 6§ denote the covering of T" onto G. The covering
also defines an equivalence relation on T' (we write  ~ y if 8(z) = 0(y)) and we
denote the equivalence class of a vertex x by [z].

Let A and A denote the adjacency matrices of T and G respectively. Since 6
preserves adjacency, they are related by the following equation:

(1) A(0(x),0(9)) = Y Alx,2).

z€[y]

In general, we say that M covers M if (1) holds for M in place of A. It is easy to
verify that the covering relation is preserved by matrix multiplication (i.e. MN =
]/W\JV) Also, if f is a “vector” (i.e. function on G) and f: f o0, then Zf = /Alf
For a,b € G, let D(a,b) = d(a)I(a,b). Define Q = D — I and let D and Q be

~

defined analogously for 7. Note that D covers D and @ covers Q.

Let S, (x) denote the metric sphere, in T', of radius n and center . For vertices
a and b in G, let o, (a, b) be the number of non-backtracking paths of length n from
a to b. Then

an(0(2),0(y)) = [Sa(z) O [yll-

Let K, denote the corresponding power series in a real variable u:
o0
K, (a,b) := Z oy (a,b)u™.
n=0

Then K, is covered by K, (z,y) := u®¥ Note that

ARl y) = Y ude)

ZEX

= u@Y[(d(z) — Du+ L/u— (1/u —u)(z,y)]

= Ky(z,y)[d(@)u+ (1/u—u)(1 — I(z,y))]

and so AK, = uDK,+(1/u—u)(K,—1I). Hence AK, = uDK,+(1/u—u)(K,—1I)
and so

(2) (I —uA+u*Q)K, = (1 —u?)I.

We let v denote the number of vertices in G and e the number of edges in G. A
cycle is a finite path whose first and last vertices agree. We do not distinguish a
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starting point (for example, we consider the cycles (z,y, z,2) and (y, z,x,y) to be
the same). A cycle (considered as a sequence of edges) can be cancatenated with
itself several times giving rise to another cycle. Such cycles are called multiples of
the original cycle. A cycle is called prime if it all its multiples are non-backtracking
and it is not a multiple of a strictly smaller cycle. Since G is finite, the number
of such cycles is finite. Furthermore, since we assume that G is not a tree, there
are some prime cycles. Let C7,C5,... denote these cycles and wi,ws,... their
respective lengths. We define the zeta function to be

Z(u) = H(l —u) 7t

Let a, be the number of non-backtracking cycles of length n (hence a, =
Tr(a,)). We note that even though such a cycle may be non- backtracking, its
multiples may backtrack. In this case, the graph is said to have a tail. That is, the
cycle can be written as

(x()a"'vxk =Y0,Y15- - Yn—2k :xkﬁﬂk—lw--,%)

where the cycle (Yo, ..., Yn—2x) is a multiple of a prime cycle.

Let b, denote the number of cycles of length n which are multiples of prime
cycles and which have designated starting points. One may think of these as the
cycles of length n with tails of length 0. A formula for b, is

bn = Zwi.

wiln

The following lemma relates the sequence (b;) to the zeta function.
Lemma 1. ulogZ(u) = 307, byu™.
Proof. By the definition of Z,

logZ(u) = — Z log(1 —u“?)

and thus

ua%logZ(u) = Z 1wiu:; = Z iwiuk“”' = i Z wiu™. O

i k=1 n=1w;|n

We now give a combinatorial argument relating (a,) and (by,).

Lemma 2. Let q=d-1. Then

(o) 1 o qu2
n __ n
E bpu 2 g anu
n=1 n=1

Proof. Note that a,,, the number of non-backtracking cycles of length n, is the sum,
for k less than n/2, of the number of such cycles with a tail of length k. This latter
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quantity is the number of multiples of prime cycles with total length n — 2k (with
designated starting point) times the number of tails of length k attached to the
starting point. That is,

[n/2]—

Z bn—2kck

where ¢, is the number of tails with length k. Using b; = 0,

i apu” = (i cku%)(i bpu™)
n=1 k=0 n=1

From a point on a multiple of a prime cycle, there is exactly one tail of length 0
(so ¢g = 1). There are ¢ — 1 ways to choose the first edge of a tail (since two of the
d possible choices would result in backtracking) but,after that,there are ¢ ways to
choose further edges. Hence ¢,, = q%qlq” for all n > 1 and it is easily verified that

2

1—
chu q’l;?.

The lemma follows. O

RADIAL FUNCTIONS

We consider radial functions (i.e. functions which depend only on the distance
between the variable and a fixed point) on homogeneous trees. Given any function,
by averaging over concentric spheres, we get a radialization. Since the “radial-
ization operator” commutes with the adjacency operator, the radialization of an
eigenfunction is still an eigenfunction. The radial eigenfunction is then determined
by a sequence for which there is a three-term recurrence relation (depending on
the eigenvalue). It follows that there is a sequence of polynomials which, when
evaluated at the eigenvalue, give the values of the normalized radial eigenfunction.

Given a function f and two vertices  and y on the d-regular tree T', we define
7 f(y) to be the average of f on the metric sphere containing y and centered at z.
That is,

1
T f(y) = W Zes&%i)(x)f(z).

It is crucial to our argument that A and 7, commute.
Lemma 3. For all x and y, An, f(y) = 7. Af(y).
Proof. There are two cases: x =y and x # y.

Since 7, f(z) = f(x),

m Af(x) = fw) =D mfly) = Ama f(2).

YeT YET
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Suppose d(z,y) =n > 0. Let Sy = Si(z) denote the metric sphere with center
z and radius k. Then

maAf(y > Af(z
e nl =
ifn=1
> s+ ¥y )
|S |u€Sw+1 UGS,, ) d—1 ifn>1
Z flu > S
|Sn+1| UES s ‘Sn— ‘vesn L
= Aﬂmf(y)
a
Given x, if ¢ is a an eigenfunction of A, then so is m,¢. Since 7,¢ is radially
symmetric around z, it is determined by a sequence sg, s1, ... defined by

Sd(z,y) = 7T:L’¢(y)
The equation Am,¢ = cm.¢ then translates into the difference equation
c 1
Sp42 = m3n+1 - msn; s0 = ¢(x), 51 = cp(x).
We define some polynomials inductively:

po(t) = 1,p1(t) = t,pnya(t) = 1

ﬁprﬂrl(t) g 1P (t).
Hence
(3) T2 @(y) = ()P, ) (€)-

Suppose (¢,,) is an orthonormal basis of L?(G) and that (c,,) are the correspond-
ing eigenvalues. That is,

Ay, = cnon.
The characteristic function of the equivalence class of y has an eigenfunction ex-
pansion:

Xy] (2) = Xe(y)(e(z)) Z<X€(y (bn b (0 Z¢n n ))

n

Note that,by equation (3) above,
(Pn 00, X35 (@) = [SN ()| (Pn © 0) = |Sn (2)|¢n(0(2))pn (cn)

and so
1Sn (@) N Y]] = (X{y)s X (x )>
_Z¢n ¢n09 XSy z)>

= |Sn(z |ZpN cn)$(0())H(0(y))-

Letting y = « and summing over all z in a representative set of G, we get:

Proposition 4. If a, is the number of non-backtracking cycles of length n,and

|Sn| = |Sn(z)], then
an =1S.| > pa(N).

AESpec(A)
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THARA’S THEOREM
Theorem 5 (Ihara).

1
(1 —u?)evdet(I — uA + qu?l)’

Z(u) =

Proof. In general, a three-term recurrence (with constant coefficients) for a family
of orthogonal polynomials (p,) gives a rational generating function. In particular,
if, given po and p1, pny2 = apn—1 — bpy, then

1 — au + bu?

Applying this to the case above (we also use the fact that |S,| = %q” forn > 1)
we have

S (A —uw)(g+Du
) §|S nlpn(Mu” = T 1-Ag+ Du+qu?’

Summing over A and using the results above, we have

d .
u%logZ(u) = ,; bnu

_ Z (1 — qu?)(\ — du)u

a2 (1 = 20d— 1))
)\GSpec(A)(l u?)(1 — Au+u?(d —1))

Using partial fractions and integrating (and ¢ = d — 1),

[t — )\ = du)
(1 —u?)(1 = Au+ qu?)

-1
—_9 5 log(1 —u?) — log(1 — \u + qu?)

. -1 .
and so, using 45=v = € — v,and summing over A,

1
1 —w?)evdet(I — uA + qul)

logZ(u) = log((

(constants arising from integration must vanish by comparing values when u=0).
O

An alternative proof of formula (4) and, thus, of theorem 5 avoids the radial
function machinery by using the fact that the resolvent on the homogeneous tree
s “purely exponential” (see [4]). For completeness, we present a proof of this fact
in an appendix.

Let Ry denote the resolvent of A on G. That is, let

2 A™) (a,b
Rx(a,b) = Tl)
n=0
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where A™ denotes the n'" power of A. We let Ry denote the corresponding kernel
on T and note that, by (1) and induction,

Ra(0(x),0(y)) = > Ralw,2).

z€[y]

The result from [4] is that on the d-regular tree, if ¢ is the least real root of
(d—1)0 =X — 1, then

g

2 od@.y)
Hence 1
Ry=——"—"—K,.
AT XN —do(n) W
Then )
Z Ri(a,a) =Tr(R) = Z PR
=tel AESpec(A)
and thus

Z ano(t)" =Tr(Kqw)) = [t — do(t)|Tr(R:) = Z %'
o AESpec(A)

Subtracting the first term from the left, 1 from each term on the right ( ag = v =
|Spec(A)]) and letting v = o(¢), one finds

= . A —du
2= D Sy

AESpec(A)

14+ (d—1)u?
u

By lemma 1 and the fact that o= !(u) = , formula (4) follows.

THE GENERAL CASE

By equating determinants of both sides of both sides of equation (2), and using
theorem 5, we get
Z(u) = det(K,)/(1 — u?)".

Remarkably, this formula holds for irregular graphs as well.
With a,, and b,, defined as above, we have the following generalization of lemma
4.

Lemma 6.
2

3 (an = bau" = ——Tr((Q — I)(K, — I)).

1—wu?

Proof. Let C' be a cycle starting at a of length n. Suppose we wish to attach a
tail of length 1 to the cycle at a so as to get a non-backtracking cycle of length
n+ 2. If C is a multiple of a prime cycle, then there are d(a) — 2 ways to do this
(since 2 choices of a tail necessarily cause backtracking) whereas if C has a tail with
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end a, there are d(a) — 1 ways to do this (since, this time, only one choice causes
backtracking). Then (d(a) — 2)a,(a, a) undercounts the number of cycles of length
n + 2 with non-trivial tails attached at a by the number of such cycles of length n.
Summing over a,

Apyo — bpio = Z(d(a) —2)an(a,a) + an — by,

a

By induction,

an = by =Y (d(a)=2) > an-ala,a)

a 1<k<n/2

Taking the power series and rearranging terms, we have

Z( ZZ Z ) — 2)an—ak(a, a)u™
n=1 a n= 11<k<n/2

—ZZ Z a) — 2)ay—op(a, a)u”

a k=1n=2k-+1

—ZZZ a) — 2)ay (a, a)u" 2k

a k=1n=1
u2 >
=0 (d(a)—2)) a
a n=1

which is the desired result. 0O

Another lemma is required. Given a square matrix M = (m;;) with differentiable
entries, let M’ = (m};).

Lemma 7. Let M be a matrix with differentiable entries. When M is invertible,

(log|detM|) = Tr(M'M™1).

Proof. Let My, = (my,i;) denote the matrix M with the k" row replaced by its cor-
responding derivatives. Note that the ij*" entry of MM~ is Do mk;igmégl) which
is >, mgdméj_l) or §;; according to whether ¢ = k or not. Thus, det(MyM~') =

ngumgkl) Then
a1y = S st [T s = 5 st Tl = S,

and so (log|detM|) = Y2 det(M;M~") = ¥, ,mlym{ Y = Tr(M'M~Y). O

Theorem 8.
1

(1 —u2)e~vdet(I — uA +u2Q)’

Z(u) =
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Proof. Let B =1—uA+u?Q and K = K,,. Then B’ = —A+2uQ and, by equation
(2), B! =

uB'B™! = : fu2 (2u*QK — uAK)
=1 _1u2 (W?QK + (v*QK —uAK + K) — K)
- ?luz((u?cg — 1)K + BK)
- qu (2Q — DK +1.

By rewriting the statement of lemma 6,

2

S~ bau = Tr((K — 1] = [ (@ — 1)) + [ (PQ — DK +1]).

Since Tr(K —1I) = >""_, a,u™, we have
d
u—logZ Z bpu™ Tr(Q —I) —ulr(B'B™1).

The theorem follows from lemma 7 and the fact that Tr(Q —I) =" _(d(a) —2) =
2(e—v). O

The following result is an analogue of [6, Corollary 3].

Corollary 9. If H and G are finite graphs and H covers G, then Z divides Z
where Z and Z are the zeta functions for G and H respectively.

Proof. With A and @ defined as above, let A and @ be the corresponding matrices
for H. Since

det(I —uA +u*Q) = H (1 —uX)
AESpec(A+uQ)
and ¢(G) — v(G) = 3Tr(Q — I) < 1Tr(Q — I) = ¢(H) — v(H) it is enough to show
that Spec(A+uQ) C Spec(;l\—&— u@) Suppose Af +uQf = \f. Let f: f o6 where
0 is the covering map G — H. Since A and @ cover A and @ respectively (in the
sense of equation (1)),

Af+uQf = Af+uQf = A\f
and the corollary follows. [

APPENDIX

Proof of formula 5. Since T is regular, }A%A is radially symmetric. That is, there
exists a sequence sq, S1,... such that

~

Sday) = Ry(x,y).
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By the definition of Ry, - -
ARy = ARy — 1
and thus ds; = Asp — 1 and, for n > 1,

Asn Sp—1
Spal = .
TTd-1 d-1

Sn41
Sp

Letting r, = we have, for n > 1,

A 1
Tpil = — .
TTAd—1 (d-1D)r,

A function like f(z) = a—b/x (a,b > 0) has two fixed points. If they are real, then
the interates of f are either convergent to the larger or fixed at the smaller. Let

o and 7 be the solutions of the equation (d — 1)t = A — 1. If A > 2y/d — 1, then

the solutions, o < 7, are real. Furthermore, o and 7 are decreasing and increasing
respectively (as functions of A) and are equal at 2v/d — 1. For A > 2v/d — 1, if r,,(\)

is not identically o()), then s/™()\) converges to T(\). If we perturb A slightly, we
see that s, (A —¢€) > s,(\) but

lim sY/"(A—¢) > lim sY/"(\) = 7(\) > maz(r(A —€),0(\ — €))

n—oo n—oo

— a contradiction. Hence r,, is identically ¢ and thus s,, = co™ for some constant ¢
uniquely determined by the conditions above. [
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