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ABSTRACT. The number of splanning trees in a finite graph is first expressed as
the derivative (at 1) of a determinant and then in terms of a zeta function. This
generalizes a result of Hashimoto to non-regular graphs.

Let G be a finite graph. The complexity of G, denoted k, is the number of
spanning trees in GG. This quantity has long been known to be related to matrices
associated with G (see [1]). When G is regular, Hashimoto [2] expressed x as a
limit involving the zeta function of the graph and asked if his expression still holds
for irregular graphs. In this note, we show that the answer is yes. In particular,
we derive a formula for the complexity as the derivative of a determinant involving
the adjacency matrix of the graph and use this and a generalized version of Thara’s
theorem ([3,4]) to get the desired result.

Let G be a graph with v vertices and ¢ edges. Suppose we order the vertices:
(x1,...,2,). The adjacency matriz A = (a;;) is the matrix of zeros and ones such
that a;; = 1 if and only if z; and x; are adjacent. We let D = (d;;) be the diagonal
element with d;; = d; — 1 where d; is the degree of the vertex x;. Finally, let
@ = D — I. For a complex variable u, let

f(u) = det(I — uA +u*Q).
Theorem. f'(1) =2(e —v)k.
Proof. Let M* =1 —uA +u?Q and let M} = (mj.;;) denote the matrix M" with

each entry of the k" row replaced by its corresponding derivative with respect to
u. Then

det(M"™) =" sgn(m) (] [ miae)’
= sgn(m) [ [ miin = D_det(M).
j i J
Note that m,lc;ij =d;0;; — a;j + (di — 2)dxid;5, and thus

F1(1) =Y det(M + (dy — 2)Ry)

k
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where M = ]\41 and Rk = (Tk;ij) is defined by Tkij = 5ki5ij-
In general,if 725 is the cofactor of m;; in M, then

det(M + cRi) = Y (M + cR) i (—1)7 iy,
J
= kaj(—l)j+kmkj + e = CMggk
J

(since det(M) = 0). By Biggs ([1], theorem 6.3), m;; = & for all 4 and j and thus
()= ,(dy—2)=2(e—v)sk. O
We define the zeta function of G to be
Z(u) = [ —u)™

where (w1, ws,...) are the lengths of prime cycles in G (see [3] or [4] for definitions).
A generalization of a theorem of Thara’s is that

1

2 = e

(see [3] or [4]). The following generalization of [2; theorem 7.7] is immediate.

Corollary. lim,_ ;- Z(u)(1 —u)< v+l = —%
REFERENCES

1. N. Biggs, Algebraic Graph Theory, Cambridge University Press, Cambridge, 1974.

2. K. Hashimoto, Zeta Functions of Finite Graphs and Representations of p-Adic Groups, Ad-
vanced Study in Pure Math., vol. 15, Academic Press, NY, 1989, pp. 211-280.

. S. Northshield, Several proofs of Ihara’s theorem, IMA Preprint Series no. 1459.

. H.M. Stark and A.A. Terras, Zeta functions of finite graphs and coverings, Adv. Math. 121
(1996), no. 1, 124-165.

=W



